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Abstract. In this paper, we contribute to the study of colored symmetrical tilings by giving formulas for their associated 
color fixing groups. In the second part of the paper we provide an application of the results in describing symmetry 
groups of nanostructures.  
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INTRODUCTION 
The theory of colored tilings is of interest because of its rich applications in crystallography, chemistry, physics 
and other sciences.  For instance, crystallographers use colored tilings to describe the arrangement of atoms within a 
crystal, like the checkerboard pattern of Na and Cl in salt, or the orientations of a magnetic moment in a crystal 
[2,13]. Moreover, colorings of tilings are helpful in describing atomic configurations in materials such as nanotube 
structures [10,11].   
One can characterize the symmetry properties of chemical structures by looking at symmetry groups associated 
with colored tilings. In understanding the symmetries of a tiling, it is possible to understand the symmetric 
configuration of the structure it represents. Symmetries of materials such as nanotubes are important to study since 
electronic and magnetic properties of the nanotubes are dependent on its symmetries [1,3,4]. 
Given a colored symmetrical tiling, three groups are associated to it: the symmetry group  of the uncolored 
tiling, the subgroup  consisting of all symmetries in  that permute the colors in the colored tiling, and the 
subgroup    consisting of all symmetries in  which fix the colors. The groups  and  are called the color 
group and color fixing group, respectively, associated with the colored tiling. The color fixing group of a colored 
tiling is also the symmetry group of the colored tiling.  
In this paper, we study and present formulas for the color fixing group  associated with a colored tiling. In 
characterizing the color fixing group, a point of consideration is the method of coloring used. In past studies on color 
fixing groups of colored tilings [6,8], certain conditions were imposed in arriving at a colored tiling. For instance, it 
was assumed that the symmetry group  of the uncolored tiling acts transitively on the set  of tiles of a given tiling 
to be colored and for all , the stabilizer of  in  is . 
In this work, we will study color fixing groups pertaining to colorings of symmetrical tilings where the stabilizer 
of a tile in  could be non-trivial. This enables us to construct and study colorings of a wider class of tilings such as 
Euclidean isohedral tilings and Archimedean tilings on a cylinder.  This work extends the study of colorings 
explored in [5, 9] where conditions in determining the color group  associated with a colored tiling have been 
established. 
SETTING IN OBTAINING COLORINGS OF SYMMETRICAL TILINGS 
To obtain colorings of symmetrical tilings, we use the following framework given in [5, 9]. 
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Given an uncolored tiling   with symmetry group , we proceed by constructing a coloring of each -orbit of 
tiles in  where the elements of a subgroup  of index , , of  effect a permutation of the colors in the 
-orbits of tiles.  
Consider a orbit of tiles in  denoted by  where  is a tile in . A coloring of  will 
be treated as a partition  of  so that two tiles in  are assigned the same color if and only if they belong to the 
same set in . We will refer to such a coloring as the coloring of  induced by the partition . Now, because 
,  forms at most  number of orbits of tiles. In this paper, we focus on either (i)  or   
(ii)  where  for .  
For the first case, we color  using the partition     
 
               (1) 
 
where . For the second case, we color  using the partition  
 
                               
                                                             (2) 
 
where , or the partition  
 




Let  be a partition given by (1), (2) or (3). The color group associated with the coloring of   induced by  is 
given by . Moreover, because  for all , .  
Since  acts on the set of colors of the coloring corresponding to the partition , we get a homomorphism   
from  to the permutation group of the set of colors of the tiling. Hence, for any ,  is the permutation 
of colors that  induces. Now, we note that . Thus             
 It follows that  is normal in .  
 
Illustration 1: To illustrate the method of coloring, let us consider the uncolored -isohedral tiling of isosceles and 
oblique triangles given in FIGURE 1(a) whose symmetry group  is generated by the three reflections  (with 
axes lying on the sides of the isosceles triangle shaded yellow) which satisfy the relations 
, that is,  . We show how to obtain a 
coloring of the orbit  of isosceles triangles.   
 We use , an index  subgroup of . It can easily be verified that  forms two orbits. 
Tiles in  belonging to the same orbit are given the same color in FIGURE 1(b). We let  and  be the 
representative tiles from the two orbits of . 
 
   
                                                            (a)                                                                                     (b) 
 
FIGURE 1. (a) An uncolored 2-isohedral tiling of isosceles triangles ( ) and oblique triangles; (b) tiles in  belonging to the 




To color , we use partition (2). First, pick a subgroup   such that  to color . With 
the aid of the GAP software [14], we choose  , an index 2 subgroup of  containing . 
Then we assign red to  (FIGURE 2(a)) and blue to  (FIGURE 2(b)). Next, we choose the subgroup 
, also an index 2 subgroup of ,  to color the orbit . We assign yellow to  
(FIGURE 2(c)) and green to  (FIGURE 2(d)). 
 
   
                                                (a)                                          (b)  
                                   
    
                                                      (c)                                         (d) 
 
FIGURE 2. (a) Tiles in   are colored red; (b) tiles in  are assigned color blue; (c) tiles in   are colored 
yellow; and (d) tiles in  are assigned green. 
 
Now, notice that reflection  does not permute the colors because some yellow tiles are sent by  to blue 
tiles while other yellow tiles are sent to red tiles. It follows that the color group of the resulting coloring is . 
To determine the color fixing group  associated to the coloring, we consider the elements of . Observe that the 
elements of   fix the colors in  and the elements of  fix the colors in . Also, we know that 
 where , . With these observations, we have 
, a normal subgroup of index 4 in . 
Finding the group , which is the main objective of this paper, is not always as simple as the one provided in 
the illustration. An example would be when analyzing colorings in cylindrical quotient space. This is also true when 
there are more colors in the given tiling. We now provide a solution to this problem by deriving formulas for the 
group .  
 
COLOR FIXING GROUP ASSOCIATED WITH A COLORED TILING 
 
We first consider the case when  forms one , that is,  Suppose 
,…,  Since  
, for each , we have  or   for some . Let . 
Hence, we can write  as  where  Moreover, because , then 
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 where . In this case, we color  using partition (1). 
We have the following results: 
 
Theorem 1: Consider a coloring of  induced by the partition  where  . Suppose 
, , . Then 
h H
. 
Proof: First, we show that 
h H
. Let . Hence  or  
 It follows that , and thus 
h H
. Conversely, let 
h H
. So  . Hence  or .  
Thus . Therefore, 
h H
. 
Now, let us prove that . First, let . So . In 
particular,  for some . Hence  or . If  then . 
It follows that . On the other hand, if , for any , then  for some . 
Thus , and so . This implies  , and thus . Hence 
. Conversely, let . If  then it is clear that 
. If , for any , then  for some . Because , then we have 
. So , which implies . Thus .  
 
The following corollary is an immediate consequence of Theorem 1.  
 
Corollary 2: Consider a coloring of  induced by the partition  where  . Then 
(i)   If  then 
h H
. 
             (ii)   If  then . 
 
We now look at the case when  forms   of tiles. Let  
 and , ,…, . In this case, we have a , 
,…,  such that , ,…, . It also 
follows that . 
 
Recall that in such a case, we can color  using either partition (2) or (3). We have following results for this 
case: 
                                                                                                 
Theorem 3: In a coloring of  induced by the partition  
where  , . 
 
Proof: We start the proof by showing that , . It is clear that . Now let 
us prove that . Suppose . Then . In particular,  for some 
. That is, . Note that we can write  as 
. If  where  then , , . 
Thus , which is a contradiction since . 
Moreover, suppose  then , . Thus , which is also 
a contradiction since . This implies . Hence . Thus . Hence 
. Thus  for each . 
We now prove that . Let . So  or  
 and . Hence . So  , 
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.  That is, . It follows that 
h H
. Conversely, let 
h H
. So  
. Hence,   or , . Thus . Therefore, 
.  
                                                                                                                   
Theorem 3 also reveals that the color fixing group  associated to any coloring induced by partition (2) is 
always a subgroup of , which is not necessarily equal to .  
The next results pertain to partition (3). Note that since , we can 
write , , . 
 
Theorem 4: Consider a coloring of  induced by the partition  where  








Corollary 5: Consider a coloring of  induced by the partition  where 
. Then  
(i)   If  then 
h H
.  
             (ii)   If  then . 
 
In obtaining the color fixing group  associated with a colored tiling , we get the resulting color fixing groups 
 pertaining to the coloring of each -orbit of tiles  in .  Then . 
 
 
Illustration 2: To illustrate Theorem 1, consider the uncolored 2-isohedral tiling given in FIGURE 3(a) with 
symmetry group . It has two orbit of tiles, the orbit  of octagons and the orbit  of squares. We 
choose the subgroup  of index 4 in . We take representatives tiles, say  and  from each 
orbit (FIGURE(3a)). Note that  and  each form one orbit of tiles. To color  and , we choose the 
subgroup   of index 4 in  where .  
To arrive at the coloring of  and  shown in FIGURE 3(b), we assign distinct colors to the elements of 
 and . Using the result on color group given in [9], the color group 
associated to the obtained coloring is . Let  and  be the color fixing groups associated with the colorings of 






, subgroups of index 8 in .  Thus the color fixing group  associated to the colored tiling is 




          
 




Illustration 3: To illustrate Theorem 3, let us consider the  of oblique triangles of the 2-isohedral tiling 
shown in FIGURE 4(a) with symmetry group . 
We consider the subgroup  of index 3 in . Note that there are three orbits of tiles in . 
Tiles in  belonging to the same orbit are given the same color in FIGURE 4(b). Moreover, representative tiles 
from each orbit in  are shown in FIGURE 4(a). Observe that    
                     
              (a)                                (b) 
 
FIGURE 4. (a) The 2-isohedral tiling of oblique triangles  and diamonds; (b) tiles in X belonging to the same 
 orbit are given same color. 
 
By assigning distinct colors to the elements of  where 
,   and  , , we obtain 
the coloring shown in FIGURE 5.  By Theorem 3, the color fixing group associated to it is 


























FIGURE 5. A coloring of  with . 
Illustration 4: For our next illustration, we refer once again to the orbit  of isosceles triangle in the 2-
isohedral tiling discussed in section 2 and consider again the subgroup . This time, we color  
using partition (3). Recall that  forms 2 orbits of tiles. We pick the subgroup 
 of index 8 in . Note that  contains . 
Moreover, . After assigning distinct colors to the elements of , we obtain a 
coloring of  shown in  FIGURE 6 with . By Corollary 5(ii),  
, a subgroup of index 16 in .   
Another coloring of  shown in FIGURE 7 is induced by the partition  where             
 and with . Using Corollary 5(i), we have                 
1h H
, a subgroup of index 64 in 
.  
 
FIGURE 6.  A coloring of  with . 
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FIGURE 7. A coloring of  with . 
 
APPLICATION TO A NANOTUBE STRUCTURE 
 
In this part of the paper, we apply the results presented in the previous section to understand the symmetry group 
of a structural analogue of a single-wall carbon nanotube.  
A single-wall carbon nanotube  is constructed by wrapping up a graphene sheet with a honeycomb lattice into a 
seamless cylindrical tube (see FIGURE 8(a)). It is defined by a chiral vector  where  and  are 
the translation vectors of equal length making an angle of . The graphene sheet is rolled up in such a way that the 
chiral vector  becomes the circumference of the tube. The values of  and  are nonnegative integers which 
uniquely characterize , which is then referred to as an  nanotube. A structural analogue of   can also be 
described by the rolled-up honeycomb lattice. This time, the atoms in the nanotube correspond to different types of 
chemical elements, which can be coded using different colors. Thus, a structural analogue of  with  atoms can be 
represented by a -coloring of  obtained using the framework in section 2. In this representation scheme, each 
color corresponds to a type of atom in the nanotube. 
Consider for example the  boron-carbon nitride nanotube consisting of three types of atoms, boron, 
carbon and nitrogen distributed in the nanotube in the ratio . To understand the symmetry structure of the 
 nanotube, we use a three-coloring of the  carbon nanotube to represent the  nanotube. The 
symmetry group  of the   carbon nanotube is generated by the screw rotation   (rotation by an angle of 
 about the axis followed by a translation in the positive direction of the axis ) and the 2-fold rotations 
 and  about the  and  axes respectively, where  and  are perpendicular as shown in FIGURE 8(a).  
To model the  nanotube, we construct a -coloring of the   nanotube, by applying the method using a 
fitting choice of , taking into consideration the unequal distribution of the three atoms and the ratio the atoms 
appear in a  nanotube. The colors in the coloring will appear in the ratio representing boron, carbon 
and nitrogen, respectively.  
With the aid of GAP [14], we find that an appropriate choice would be , which is of index 2 in . 
We obtain two -orbits of atoms  and . Given , we have . Given this information on 
the -orbits, the result from the framework suggests that the desired partition used to model the  nanotube to 
arrive at the desired ratio of atoms is , where  and  are representative 
atoms from the respective orbits  and . To obtain the coloring, we color the first orbit using the subgroup , 
that is, ; while the second and third orbits are colored using  , where  =2. Note that   
. We assign red to  to obtain a coloring of the first -orbit using one color. Then we assign yellow 
to  and blue to . We obtain the -coloring in FIGURE 8(b), the colors red, yellow and blue representing 
carbon, boron and nitrogen respectively. From the results discussed in Section 3, the color group fixing group for 
this coloring is , and this group consists of the symmetries of the  
nanotube.  
Other examples of colorings of single wall carbon nanotubes are found in [10], and are used to model nanotube 
structures with other types of atoms.  
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CONCLUSION AND OUTLOOK 
 
Given an uncolored tiling  with symmetry group , we have arrived at formulas for the color fixing group  
of colorings of  where a subgroup  of index  in , effects  permutation of the colors. In particular, we have 
derived formulas for  associated with colorings of  induced by the partitions: (1)  where 
, (2)  where 
, and (3)  where  . One of the highlights 
of this work is Theorem 3 which asserts that a coloring induced by partition (2) is always a subgroup of , which is 
not necessarily equal to .  
Moreover, we have applied the results on  to colorings of isohedral tilings as well as to determine symmetry 
groups of single-wall carbon nanotubes. 
The next step in this study is to consider finding  for other types of partitions of  aside from (1), (2) or (3); 
and when the number of  orbits is  where . It would also be interesting to look at other applications of 
 in determining symmetry groups of other chemical structures. 
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